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Abstract 

We define a notion of Property (T) for an arbitrary C*-algebra A 
admitting a tracial state. We extend this to a notion of Property (T) 
for the pair (A,B), where B is a C*-subalgebra of A. Let T be a dis- 
crete group and C*(T) its reduced algebra. We show that C*(T) has 
Property (T) if and only if the group T has Property (T). More gen- 
erally, given a subgroup A of T, the pair (C*(T), C*(A)) has Property 
(T) if and only if the pair of groups (r, A) has Property (T). 

1 Introduction 

Let G be a locally compact group. Recall that G has Kazhdan's Property 
(T) if, whenever a unitary representation (71*, 7i) of G almost has invariant 
vectors, Tt has a non-zero invariant vector (see |Kazh67j : |HaVa89j ). 

A. Connes denned a notion of Property (T) for type 7/i-factors |Con n82 
and it was proved in |CoJo85j that a discrete ICC-group T has Property (T) 
if and only if the von Neumann algebra L(T) generated by its left regular 
representation has Property (T). Jolissaint c Joli9 3] gave an extension of this 
result to arbitrary discrete groups. (Recall that a group is ICC if all its 
conjugacy classes, except the unit element, are infinite.) For an extensive 
study of Property (T) for von Neumann algebras and, more generally, for 
inclusions of von Neumann algebras, see the notes of S. Popa |Popa86| . 

We introduce Property (T) for an arbitrary unital C*-algebra admitting 
a tracial state (see Remark below) through an adaptation of Connes' 
definition. This allows us to express Property (T) for an arbitrary countable 
group in terms of its reduced C*-algebra. 
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Let A be a C*-algebra or a von Neumann algebra. A Hilbert bimodule 
over A is a Hilbert space Ji carrying two commuting representations, one of 
A and one of the opposite algebra A ; we will write 

Z»x£y, V£Gft, Vx,yeA. 

(In the case where A is a von Neumann algebra, we consider only normal 
representations of A.) 

Recall that a tracial state on a unital C*-algebra A is a positive linear 
functional r : A — > C such that r(xy) = r(yx) for all x, y E A and r(l) = I. 

Definition 1 Let A be either a unital C*-algebra admitting a tracial state 
or a finite von Neumann algebra. We say that A has Property (T) if there 
exist a finite subset F of A and e > such that the following property holds: 
if a Hilbert bimodule 7i for A contains a unit vector £ which is (F, e)-central, 
that is, such that 

\\v£ ~ £v\\ < e, e F, 

then 7i has a non-zero central vector, that is, a vector r\ e 7i such that 
rcr? = 77a; for all 16A 

Our main result shows that Property (T) for a countable discrete group 
T only depends on its reduced C*-algebra C*(T). Recall that C*(T) is the 
norm closure of the linear span of {A r (7) : 7 G T} in C(£ 2 (T)), where 
Ar is the left regular representation of T. The mapping x 1— > (x<5 e , <5 e ) is a 
(faithful) tracial state on C*(T). The von Neumann algebra L(T) of T is the 
von Neumann subalgebra of C(£ 2 (T)) generated by C*(T), in other words, 
L(T) is the closure of the linear span of {A r (7) : 7 G T} in the weak 
operator topology. We shall also consider the maximal (or full) C*-algebra 
(7max(r) of T, that is, the completion of the group algebra Cr with respect 
to the norm 

||^a 7 7|| = sup || c^Tity)!!, 
7er 7 er 

where n runs over the set of all equivalence classes of cyclic unitary repre- 
sentations of P. 

Theorem 2 Let T be a countable discrete group, and let A be a C* -algebra. 
Assume that A is a quotient o/C^ iax (r) and that C*(T) is a quotient of A. 
The following properties are equivalent: 
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(i) T has Property (T); 

(ii) A has Property (T); 
(Hi) L(T) has Property (T); 

Observe that a C*-algebra A as in theorem above has at least one tracial 
state. Indeed, since C*(T) is a quotient of A, the canonical trace of C*(T) 
lifts to a tracial state of A. 

Apart from C*(T) and C^ ax (T), examples of C*-algebras as in the theorem 
arise from unitary representations of T which vanish at infinity. If (71", H.) is 
a unitary representation of the discrete group T, we denote by C*(T) the 
C*-subalgebra of C{7i) generated by {vr(7) : 7 6 T}. Such an algebra is of 
course a quotient of C^^T). The following is Proposition 1 in Be Ha94j (see 
also the comments at this end of this paper). 

Proposition 3 ([BeB.a9J^}) Let T be an ICC group, and let n be a unitary 
representation of T. Assume that all matrix coefficients of 71 are in Cq(T). 
Then C r *(r) is a quotient ofC*(T). 

Using [BeH a94[ Theoreme 1] and using the fact that a lattice T in a locally 
compact group G has Property (T) if and only if G has Property (T), we 
obtain the following class of examples. 

Corollary 4 Let G be a connected, non compact simple real group with triv- 
ial centre. Let it be a unitary representation of G which is not a multiple of 
the trivial representation. For any lattice T in G, the following properties are 
equivalent: 

(i) G has Property (T); 

(11) C*,(T) has Property (T). 

Observe that, if in the previous corollary the representation ir is irreducible 
and not square-integrable, then C*,(r) is a primitive C*-algebra. Indeed, as 
shown by Cowling and Steger [CoSt91 , in this case, the restriction of n to 
T is irreducible. The simple real Lie groups with Property (T) are known: 
these are exactly the simple real Lie groups which are not locally isomorphic 
to SO(n, 1) or SU(n, 1) (see |HaVa89j ). 

We now define Property (T) for pairs consisting of a C*-algebra and a 
C*-subalgebra. Recall that the notion of Property (T) for groups can be 
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generalized to a notion of Property (T) for pairs (G, H), also called relative 
Property (T), where G is a locally compact group and H a closed subgroup. 
Such a pair (G, H) is said to have Property (T) if, whenever a unitary rep- 
resentation (ir, TC) of G almost has invariant vectors, it has a non-zero H- 
invariant vector (see [HaVa89 ). It is clear that Property (T) for the group 
G is equivalent to Property (T) for the pair (G, G). A prominent example of 
a pair with Property (T) is the pair (SL 2 (Z) k Z 2 ,Z 2 ), where SL 2 (Z) k Z 2 
is the semi-direct product for the natural action of SL2CZ) on Z 2 . 

Definition 5 Let A be a unital C*-algebra admitting a tracial state (respec- 
tively, a finite von Neumann algebra) and let B be a C*-subalgebra (respec- 
tively, a von Neumann subalgebra) of A. The pair (A, B) has Property (T) 
if there exist a finite subset F of A and e > with the following property: if 
a Hilbert bimodule TC for A contains a unit vector £ which is (F, e)-central, 
then TC has a non-zero I?-central vector, that is, a vector 77 G TC such that 
br] = rjb for all b G B. 

Theorem |21 can be extended to pairs as follows. Let T be a discrete group 
and A a subgroup of T. The restriction of the regular representation Ar of 
T to A is a multiple of Aa- This implies that the canonical embedding of 
group algebras CA — > CT extends to isometric embeddings C*(A) — > C*(T) 
and L(A) — > L(T). Moreover, since every function of positive type on A 
extends (in a trivial way) to a function of positive type on T, every unitary 
representation of A is contained in the restriction of a unitary representation 
of r. This shows that the embedding CA — > CT extends also to an isometric 
embedding C^ ax (A) - C* max (T). 

Theorem 6 Let T be a countable discrete group and A a subgroup ofT. The 
following properties are equivalent: 

(i) the pair (r, A) has Property (T); 

(II) the pair (C^(T), Q ax (A)) has Property (T); 

(III) the pair (C*(T),C*(A)) has Property (T); 
(iv) the pair (L(T),L(A)) has Property (T). 
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Remark 7 The definition given above of Property (T) for a pair of von Neu- 
mann algebras appeared in the first version of |Popa03| . In the final version 
of |Popa03| , this definition was replaced by a stronger notion of Property 
(T), called "rigid embedding" of von Neumann algebras. This notion seems 
to be the more useful one (compare also |PePo03j ) . Moreover, a proof of the 
equivalence of (i) and Property (T) for the pair (L(r), L(A)) in the strong 
sense was given in |Popa031 5.1 Proposition]. 

For the proof of Theorem we will use the following characterization of 
Property (T) for pairs of groups, which is of independent interest. This result 
is an extension of |BeVa93l Theorem 1] , where the case H = G is considered. 



Theorem 8 Let G be a a-compact locally compact group and H a closed 
subgroup of G. The following properties are equivalent: 

(i) The pair (G,H) has Property (T); 

(ii) if a unitary representation (ir,Tl) of G almost has invariant vectors, 
then 7i contains a non-zero finite dimensional subspace which is in- 
variant under H. 



This article is organized as follows. In Section we give the proof of 
Theorem |H1 The proof given in |BeVa 93j carries over to pairs, but, for the 
convenience of the reader, we prefer to give a different and shorter proof of 
this result (for another proof, see also |Joli04|. Lemma 2.1]). Section |3] is 
devoted to the proof of Theorem |H1 In Section HJ the relationship between 
Property (T) and nuclearity is explored. We give there a C*-algebraic ana- 
logue (see Proposition [TT] below) of the known fact that a discrete group 
which has Property (T) and which is amenable has to be finite. Section |3] 
contains some remarks around our definition of Property (T). 
Acknowledgments. It is a pleasure to thank E. Blanchard, M. Gromov, 
P. de la Harpe, G. Skandalis and T. Steger for helpful comments. 



2 Proof of Theorem M 

It is obvious that (i) implies (ii). To show the converse, assume that (G,H) 
does not have Property (T). Since G is a-compact, there exists a function 
■0 : G — > R of conditionally negative type such that the restriction ip\ H is 
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unbounded. This is the Delorme-Guichardet theorem (see[HaVa89, Theorem 
5.20]) which, as is easily seen, carries over to pairs. We can clearly assume 
that ip{e) = 0. By Schoenberg's theorem, tp t = exp(-ttp) is a normalized 
function of positive type on G for every t > 0. Let (n t ,T-Ct,C,t) be the triple 
associated to (p t by GNS-contruction, that is, n t is a cyclic unitary repre- 
sentation of G on the Hilbert space 7i t , with cyclic unit vector £ t such that 
(ft(g) = (n(g)€t,€t) for all g e G. 

Let (t n ) n be a sequence of positive numbers with lim n t n = and set 

n 

Since lim n exp(— t n ip(g)) = 1 uniformly on compact subsets of G, the repre- 
sentation 7r almost has invariant vectors. We claim that, for every t > 0, the 
restriction of the representation ir t to H and hence the restriction of tt of H 
contains no (non-zero) finite dimensional subrepresentation. 

Fix t > 0. The GNS-construction applied to ipt = tip shows that there 
exists an action at of G by affine isometries on some real Hilbert space such 
that ipt(x) = ||o;j(a;)0|| 2 for all x G G. Since ipt\n is unbounded, we can find 
a sequence (xj)j in H such that linij ipt{ x i) — +oo. For a,b G G, we have 

^Jiptiab) = \\a t {ab)0 - 0|| = \\a t {b)0 - a t (a _1 )0|| 

< \\a t (b)0 - 1| + || - a t (a _1 )0|| = ||a t (6)0 - 0|| + ||a t (a)0 - 0|| 

Hence, we have 

^i) t {axib) < vWij + Vihifi) + \AMa) • 
and therefore linij ip t {a>Xib) = +oo, that is, 

lim (p t (axib) = 0, Va, 6 G G. 

i 

Since £ t is a cyclic vector for n t , it follows that limj(7r t (xi)^i, ^2) = for all 
771, 772 G Tit- Let /C be a finite dimensional if-invariant subspace of Tit and 
let T) G /C. Upon passing to a subsequence, we can assume that {nt{xi)rj)i is 
norm convergent to some vector 770 G /C. Since limj(7ri(a;j)?7, r/o) = 0, we have 
7/0 = and hence r\ = 0. Therefore /C = 0. ■ 
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3 Proof of Theorem M 



Let G — > H be a continuous homomorphism between locally compact groups 
with dense image. It is well-known that if G has Property (T), then H has 
Property (T)(see [HaVa89 ). The corresponding statement for C*-algebras is 
as follows and its proof is straightforward. 

Lemma 9 Let A\ be a unital C* -algebra admitting tracial states and B\ C 
A\ be a C* -subalgebra. Let A 2 be a unital C* -algebra admitting tracial states 
(respectively, a finite von Neumann algebra), and let f : A\ — > A 2 be a unital 
* -homomorphism. Let B 2 = f{Bi) (respectively, let B 2 be the von Neumann 
subalgebra of A 2 generated by f(Bi)). If the pair (At, Bi) has Property (T), 
then the pair (A 2 ,B 2 ) has Property (T). ■ 

We proceed now with the proof of Theorem |U1 To show that (i) implies (ii) , 
assume that the pair (r, A) has Property (T). Then there exists a Kazhdan 
pair (S,e), that is, a finite subset S of T and e > with the following 
property: if (71*, Ti) is a unitary representation of V and if there exists a unit 
vector £ e 7i with max se s ||7r(s)£ — £|| < e, then TC has a non-zero A-invariant 
vector. 

Let Ti be a Hilbert bimodule of C^ ax (r). Viewing T as a subset of C^ ax (r), 
we define two commuting unitary representations 7Ti and 7r 2 of Y on Ti by 

7ri(7)£ = 7£ and tt 2 (7)£ = £7^ 

for all 7 G T and £ G Ti. Assume that TC has a unit vector £ such that 

K-£s||<e, WseS. 

Then 

||7r 1 (s)7r 2 (s)£-£|| < e, Vs G S. 
Hence, there exists a non-zero vector 77 G 7i with 

^1(7)^2(7)77 = ?7, V7 G A. 

Since the linear span of A is dense in C^ ax (A), we have xrj = rjx for all 
x G Cw( A )> that is, 77 is C^ iax ( A) -central. 

The fact that (ii) implies (iii) and that (iii) implies (iv) follows from the 
previous lemma, since C*(T) is a quotient of C^ ax (r) and since C*(T) is 
weak-* dense in L(T). 
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The proof that (iv) implies (i) is an adaptation of the proof of |(JoJ o85, 
Theorem 2]. Indeed, assume that (L(T),L(A)) has Property (T). Choose a 
finite subset F of C*(T) and e > as in Definition We may assume that 
||y|| < 1 for all y G F. Let S be a finite subset of T such that 

£ l(^e)(7)| 2 <£79 

7 er\5 

for all y G F. 

Let 7r be a unitary representation of V . Define two commuting unitary 
representations iii and n 2 of T on the Hilbert space tensor product £ 2 {T)®7i = 
£ 2 (T,H) by 

Ti(7)f(a0 = C(7 -1 ^) 

and 

7T2(7)6(z) = vr(7)^(x7) 

for all 7 G T and £ G £ 2 (T,7i). Since 717 and TT2 — Xr <E> vr are equivalent 
to multiples of the regular representation Ar, they extend to commuting 
representations of L(T), so that £ 2 (T,H) is a bimodule of L(T). 
Assume now that there exists a unit vector ^eW such that 

max ||7r(s)£ — £|| < e/3. 

SdzS 

Let £ G £ 2 (r,7i) be defined by £(e) = £ and £(2) = otherwise, that is, 
£ = <5 e (g) £. Then, for every y G F, we have 



11^ -&n 2 = Ei^e(7)i 2 ik(7)e-eii s 



7er 

< ^+Ew-y)i a H7)e-eir 

< -e 2 + -£ 2 < e 2 . 
~ 9 9 

Hence, there exists a non-zero vector rj in £ 2 (T,7i) which is L(A)-central. 
We then have 

77(7 -1 £7) = 7r(7)?7(x), Vx G T, 7 G A. 

In particular, x — > ||?7(a;)|| is a non-zero function in £ 2 (T) which is invariant 
under conjugation by elements from A. Let x G T be such that r](x ) ^ 0. 
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It follows that its A-conjugacy class {7 _1 x 7 : 7 G A} is finite. Let £ — 
r](x ) G Ti. Then {vr(7)^ : 7 G A} is a finite subset of H and its linear 
span defines a finite dimensional subrepresentation of 7t|a- It follows from 
Theorem IS] that the pair (I\ A) has Property (T). ■ 



Remark 10 Let A be a C*-algebra which is a quotient of Cj^^r) and such 
that C*(r) is a quotient of A. The same proof as above (with A = T and 
with A instead of C*(T)) shows that V has Property (T) if and only if A has 
Property (T). This proves Theorem 121 



4 Property (T) and nuclearity 

As is well-known, a locally compact group with Property (T) which is amenable 
has to be compact (see [HaVa89, Chap.l, Proposition 6]). We will show 
that a similar fact is true for C*-algebras with Property (T) which are nu- 
clear. Recall that a C*-algebra A is nuclear if, for any other C*-algebra 
B, there a unique pre-C*-norm on the algebraic tensor product AQ B (see 
|Take03[ Chap. XV]). Recall also that, by work of Connes and Haagerup, 
the class of nuclear C*-algebras coincides with the class of C*-algebras which 
are amenable in the sense of B. Johnson (see |Rund02j ). 

Let t be a tracial state on the unital C*-algebra A. By the GNS-con- 
struction, r defines an A- Hilbert bimodule, denoted by L 2 (A,t), which has 
a unit central vector rj G L 2 (A,t) such that t(x) = (xr],rj) for all x G A. 
More precisely, N = {x £ A : t(x*x) = 0} is a two-sided *-ideal in A. 
Define an inner product on the quotient A/N by (x + N,y + N) = r(y*x). 
Let L 2 (A,t) be the Hilbert space completion of A/N. For each a G A, the 
mappings x 1— > ax + and x n- > xa + N extend to bounded operators A (a) 
and p(a) on L 2 (A, r), defining an A-bimodule structure on L 2 (A, r). The von 
Neumann algebras X(A)" and p(A)" are commutant to each other. Moreover, 
7] — 1 + N is a cyclic and separating vector for X(A)" and p(A)" and we have 
t(x) = (xt],T]) for all x G A. 

The following proposition is inspired by |Popa86 Proposition 1.2.4.ii]. 



Proposition 11 Let A be a unital C* -algebra with Property (T). Assume 
that A is nuclear. Then, for any tracial state r on A, the representation A on 
the Hilbert space L 2 (A,t) is completely atomic, that is, L 2 (A,t) decomposes 
as a direct sum of finite dimensional A-submodules. 
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Proof Let L 2 (A, r) fin be the purely atomic part of L 2 (A,t), that is, 
L 2 (A, r)g n is the closed subspace generated by all finite dimensional X(A)- 
invariant subspaces. Let TC be the orthogonal complement of L 2 (A, r)fi n . 
Assume, by contradiction, that TC ^ 0. We have TC = pL 2 (A,r) for some 
projection p belonging to the centre X(A)" (1 p(A)" of the finite von Neumann 
algebra M = X(A)". The space HS(ft) ~ TC®TC of Hilbert-Schmidt operators 
on TC is a pM-bimodule for the action 

T h-> xTy, T G HS(ft), 1,1/ G pM. 

As A is nuclear, the finite von Neumann algebra pM acting on TC is injective. 
Hence, there exists a conditional expectation E : C(TC) — > pM. The state $ 
on £(7Y) defined by $(T) = t(E(T)) is a hypertrace: we have 

$( X T) = $(Tx), VT G x G pM. 

It follows that there exist almost central vectors in HS(TC), that is, there 
exists a net (T») G HS(7^) with ||Ti||hs = 1 suc h that 

lim ||xTi - Tix\\us = 0, Vx G pM 

(see, for instance, |Take031 Chap. XV, Lemma 3.9]). Since A has Property 
(T), we find a non-zero operator T G HS(TC) with xT = Tx for all x G pM. 
Looking at the eigenspaces of the compact self-adjoint operator T*T, we de- 
duce that TC contains a non-zero finite dimensional A (A) -invariant subspace. 
This is a contradiction. ■ 

Corollary 12 Let A be a unital C* -algebra with Property (T). Assume that 
there exists a tracial state t of A such that L 2 (A, r) is not completely atomic. 
Then A is not nuclear M 

Example 13 (i) Let T be a discrete group. For the canonical trace r on 
M = C*(V), the Hilbert space L 2 (M,t) can be identified with £ 2 (T), with 
bimodule structure coming from the left and right representations. If T is 
infinite, then £ 2 (T) has no non-zero finite dimensional left invariant subspace. 
On the other hand, C*(T) is nuclear if and only if T is amenable (see |Lanc73| 
Theorem 1.1]). Thus, using Theorem |21 we recover the fact that an infinite 
discrete group with Property (T) is not amenable. 
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(ii) All abelian unital C*-algebras are of the form C(X) for a compact 
topological space X. Such algebras are nuclear. If X is uncountable, there 
exists a regular probability measure \i on the Borel subsets of X which has 
a non atomic part. For such a measure, L 2 (X,fi) does not decompose as 
a direct sum of finite dimensional subspaces, under the action of C(X) as 
multiplication operators. As a consequence, C(X) does not have Property 
(T) if X is uncountable. 

Remark 14 Let T be a discrete group with Property (T) and M a finite 
injective von Neumann algebra. In connection with Proposition ^2 the fol- 
lowing result of Robertson ( |Robe93] ) is worth mentioning: if it : T — ► U(M) 
is a homomorphism of T into the unitary group of U(M), then 7r(r) has a 
compact closure in U(M) for the strong topology; see also |Vale97j . In fact, 
the result is true more generally if M has the Haagerup approximation prop- 
erty QRobc93j). This is the case for instance if M = L(F 2 ), where F 2 is the 
free group on two generators. 

5 Some remarks 

Remark 15 Our definition of Property (T) (see Definition ^ above) makes 
sense for any C*-algebra. However, with this definition, every unital C*- 
algebra A without tracial states has Property (T). Indeed, otherwise, for 
every finite subset F of A and every e > 0, we find a Hilbert bimodule Ti.p t£ 
for A which has a (F, e) -central unit vector £p )E . Let 7i be the direct sum 
of the 7Yf )£ 's. Then Ti is an A-bimodule in an obvious way. For every pair 
(F,e), consider the vector state ipp, e on the algebra C{TL) of all bounded 
operators on H defined by £p j£ G H. Let ip be a weak*-limit point of the net 
(fF,e)F,e- Then t : A — ► C defined by t(x) = (p(ir(x)) is a tracial state on A, 
where 7r is the representation on TC given by, say, the left action of A. This 
is a contradiction. 

Remark 16 The definition of Property (T) given in Definitionnniakes sense 
for an arbitrary (normed) algebra A. It can even be further extended as 
follows. Let B be a fixed Banach space and consider all (continuous) A- 
bimodule structures on B. We say that A has Property (T#) if there exists 
a finite subset F of A and e > such that, whenever, for some A-bimodule 
structure on B, there exists a unit (F, e)-central vector, then B has a non-zero 
central vector. 
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Remark 17 A notion of co- rigid inclusion B C M for a pair consisting of a 
finite von Neumann algebra M and a von Neumann subalgebra B was defined 
by Popa (see |Popa86t Definition 4.1.3], where the inclusion B C M is called 
rigid; see also |Anan 87j). In a similar way, let B C A be a pair consisting of 
a unital C*-algebra A admitting a tracial state and a C*-subalgebra B. We 
say that S C A is co-rigid if there exist a finite subset F of A and e > such 
that the following property holds: if a Hilbert bimodule H, for A contains 
a unit vector £ which is (F, e)-central and which is central for B (that is, 
6£ = £6 for all b G -B) then 7i has a non-zero vector which is central for A. 

Remark 18 In Definition d we do not require that the C*-algebra A has a 
faithful tracial state, that is, a tracial state r such that t(x*x) ^ for all 
x G A with x 7^ 0. Indeed, the group SX 3 (Z) has Property (T) but, as was 
shown by the author (unpublished), its maximal C*-algebra C* iax (SX 3 (Z)) 
has no faithful tracial state. 

Remark 19 Let M be a type 7Ji factor with Property (T). Let Aut(M) 
denote the group of all automorphisms of M equipped with the topology of 
pointwise norm convergence on the predual of M. It was shown in |Con n80 
that the normal subgroup Inn(M) of inner automorphisms of M is open in 
Aut(M). Such a result cannot be expected for C*-algebras. Indeed, let A be a 
separable unital C*-algebra A, and let Ant(A) be equipped with the topology 
of pointwise convergence. It is known that, if A is does not have a continuous 
trace, then Inn(v4)/Inn(v4) is uncountable ( |Phil87j ). In particular, this is 
true for A = C*(T) when T is a countable group which is not of type I. This 
is the case for "most" discrete groups: by |Thom68] , T is of type I if and only 
if T contains an abelian normal subgroup of finite index. However, imitating 
the proof of |Conn80j . we have the following result. Let T be a discrete 
group with Property (T). The subgroup Inn(L(r)) fl Aut(C*(r)) is open in 
Aut(C;(r)). Observe that Inn(L(r)) nAut(C r *(r)) contains Inn(C r *(r)) when 
T is ICC and has Property (T); see Phil87, Corollary 3.2 ]. 
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